ON THE COMPONENT GROUP OF THE ALGEBRAIC
MONODROMY GROUP OF A K3 SURFACE

ANDREAS-STEPHAN ELSENHANS AND JORG JAHNEL

ABSTRACT. We provide a lower bound for the number of components of the al-
gebraic monodromy group in the situation of a K3 surface over a number field k.
In the CM case, our bound is sharp. As an application, we describe, in the case
of CM, the jump character [CEJ, Definition 2.4.6] entirely in terms of the endo-
morphism field and the geometric Picard rank.

1. INTRODUCTION

1.1. Let X be a K3 surface over a number field k. Associated with X, for every
prime number [, one has a continuous representation ([SGA5, Exposé VI, Proposi-
tion 1.2.5] and [SGA4, Exposé VIII, Théoreme 5.2])

QX,Z: Gal(%/k) — GL(TT) y

for T; C HZ (X7, @Q,(1)) the transcendental part of the cohomology. The represen-
tation gy ; gives rise to the algebraic monodromy group Gy ; of X, which is a linear
algebraic group over @,, usually disconnected. It is defined to be the Zariski closure
G ;= 1im(oy ;) of the image of oy ; (cf. Definition 2.5).

For a generic K3 surface, one has G'y; = O(T7). There are, however, cases, in
which the jump character 7x: Gal(k/k) — {£1} (cf. Paragraph 5.2) is trivial
[EJ22b, Examples 5.5 and 5.6], which yields that Gy ; = SO(T}). It may happen, too,
that the algebraic monodromy group is of positive codimension in O(73), but only
when X has a nontrivial endomorphism field £ 2 Q. Le., when there is real (RM)
or complex multiplication (CM). Then, for the neutral component of the algebraic
monodromy group, one has

G = (Cp(0(1))°, (1)

due to the work of S. G. Tankeev [Tan90, Tan95], together with Yu. G. Zarhin [Za,
Theorem 2.2.1]. We discussed upper bounds for the component group G X / ng in
[EJ22b, Lemma 4.10 and Theorem 4.12]. ’

Remark 1.2. There can, of course, be no hope for a general lower bound. Indeed, the
representation gy ; induces a homomorphism g, ;: Gal(k/k) — G/ GY ;> which is
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surjective. Hence, the component group Gy 7/ G - has a splitting field k' 2 k satisfy-
ing the condltlons that oy ;(Gal(k/k')) C Gb . and that the induced homomorphism
Gal(k'/k) — Gx7/GY ; is bijective. Then the algebraic monodromy group of the
base extension Xk/ is G Xl = GO ; and, in particular, connected.

Results. There is, however, a lower bound for K3 surfaces over number fields that
are linearly disjoint to the endomorphism field E.

Theorem 4.5. Let X be a K3 surface over a number field k with endomorphism
field E and let | be any prime number.

a) If kE 2 k is a normal extension then one has a natural surjective homomorphism

GXJ/Gg(j — Gal(kE/k). (2)
b) In any case, #(ze/GO ;) is always a multiple of [KE : kJ.

The proof shows that the splitting field of Gy ;/ G° X1 contains kE. As the former is
normal over k, one might want to conclude that actually there is a natural surjective
homomorphlsm Gxi/GS — Gal((k E)™ k), for (kE)™ the normal closure of kE
over k. However, such an improvement is vacuous, at least conjecturally.

Theorem 7.5. Let X be a K3 surface over a subfield K of C with endomorphism
field E. Suppose that the Hodge conjecture holds for (X x X)(C). Then the com-
posite field KE is normal over K.

The assumption concerning the Hodge conjecture is fulfilled, for instance, for double
covers of P? branched over six lines [Sch, Theorem 2].

It is fulfilled, as well, in the CM case [RM, Theorem 5.4], a case in which the
methods developed in order to establish Theorem 4.5 are particularly strong.

Theorem 7.7. Let X be a K3 surface over a number field k. Assume that the
endomorphism field E of X is a CM field.

a) Then there is a natural isomorphism
Gy1/G%; — Gal(kE/k).

, the splitting field of GXZ/G _1s exactly kE.

b) The Jump character Tx : Gal(k/k:) — {1} is
L,
sign of the natural permutation
o+ § action of o € Gal(k/k) on the
conjugates uy, Uy, . .., Uq, Ug of
a primitive element ug € E,

.f 22—rk Pic Xt is even,
(£:Q)]

f et is odd.
Finally, and again conditional to the Hodge conjecture, the real or complex multi-
plication on a K3 surface over any field K C C by some element u € E may be
described by a correspondence, which is a Q-cycle of codimension 2 in (X x X )z
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As a digression, we show in Theorem 6.7 that the field of definition of such a corre-
spondence must contain K (u).

Remark 1.3. It is our understanding throughout the article that the algebraic mon-
odomy group is a linear algebraic group over the algebraically closed field Q);. This
is a convention just for convenience. One might as well rely on [-adic cohomology
instead of the l-adic theory. Then one ends up with a group scheme Gx; defined
over (; that underlies the algebraic monodomy group Gy ;.

The component group is, however, exactly the same, i.e. Gx;/G%,; = G /G5 ;.
Indeed, by construction, in the irreducible components of Gx;, the (3;-rational points
are Zariski dense. Hence, every irreducible component of G x is in fact geometrically
irreducible [EGA IV, Corollaire 4.5.19.3=Erry20].

Conventions and Notation. We follow standard conventions and use notation
that is standard in Algebra and Algebraic Geometry. In particular, and perhaps
sometimes slightly deviating from this,

i) we often work over a base field, which is usually denoted by k or K.

When K D k is a field extension, we write K™ for the normal closure of K over k.
Le., for the extension field of k£ generated by the k-conjugates of K.

For an arbitrary field K, we denote by K the algebraic closure.

ii) For B = (vy,...,vn) a basis of a K-vector space T, we denote by ME(f) the
matrix representing the K-linear map f: T'— T'. Similarly, for the matrix that rep-
resents a K-bilinear form (.,.): T'x T — K, we write Mp((.,.)) = ((vi, v;))1<i j<m-
iii) We denote the identity matrix of size m by E,,.

iv) When a surjective homomorphism o: Gal(k™ /k) — G is given onto a finite
group G, then, by the splitting field of ¢ (or G), we mean the intermediate field of
k™ /k corresponding to ker o under the Galois correspondence. The splitting field
of G is a Galois extension of k.

v) For a linear algebraic group G over an algebraically closed field, we write G° to
denote its neutral component.

vi) For a finite dimensional vector space T' over an algebraically closed field K,
we denote by GL(T') the linear algebraic group, whose K-rational points are the
automorphisms f: T — T.

If T is equipped with a non-degenerate symmetric bilinear form (.,.), we let O(T)
be the linear algebraic group, whose K-rational points are the orthogonal maps
f: T — T. Le. those such that (f(z), f(y)) = (z,y), for all z,y € T

As usual, we put SO(T) := O(T)°.

vii) We say that a k-algebra E acts K-linearly on a K-vector space T or that there
is a K-linear action of E on T if K O k and a homomorphism

E — End(T)

of k-algebras is provided that respects units.
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In this situation, we let Cg(O(T")) be the centraliser of E in O(T). le. the linear
algebraic group, whose K-rational points are the orthogonal maps f: T — T that
commute with the action of E.

viii) By a Q-cycle on a scheme X, we mean a formal Q-linear combination of closed
integral subschemes of X, each of which is of the same codimension.

ix) For a Galois extension k' D k and o € Gal(k'/k), we let o act on Speck’ by
the morphism o: Speck’ — Speck’ induced via contravariant functoriality from

o~': k' — k. This defines a left Gal(k'/k)-action on Spec k.

Let X be a k-scheme. Slightly abusing notation, we again write o for the auto-

14,0

morphism X = X Xgpecr Spec k' — X Xgpeck Speck’ = X of X obtained by
base change.

2. TECHNICAL PREREQUISITES
Independence of 1.
Let us recall a few concepts from J.-P. Serre’s famous McGill notes [Se68, Ch. I, §2].

Definition 2.1. Let k be a number field and ¢: Gal(k/k) — GL,(Q,) a continuous
representation, for a certain prime number [.

a) Then g is called unramified at a prime p of k if o(Iy) = {1}, for B any extension
of p to k and Iy the inertia group.

b) The representation g is called rational if there is a finite set .S of primes of k such
that

i) o is unramified at every prime p ¢ S and

ii) if p & S then the characteristic polynomial x(o(Frob,)) € Q,[T] actually has
coefficients in Q).

Definition 2.2. Let k be a number field and let o: Gal(k/k) — GL,(®,;) and
o': Gal(k/k) — GL,(Q,) be two rational continuous representations, for prime
numbers [ and I’. Then p and ¢’ are said to be compatible if there is a finite set S
of primes of k such that

i) o and ¢ are both unramified at every prime p ¢ S and
ii) the characteristic polynomials x(o(Froby)), x(¢'(Frob,)) € Q[T] coincide for every
pegs.

FExample 2.3. Let X be a smooth projective scheme over a number field k. Choose in-
tegers 4 and j, as well as a prime number [. Then every element o € Gal(k/k)
induces an automorphism of X7 and hence, by functoriality, an automorphism
Ql)’(jj(a) € GL(H{ (X7, @Q,(5))). Tt is clear that

0yt Gal(k/k) — GL(Hz (X7, Qu(5)))

is a representation.
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i) One has that Qi’(jz is continuous by [SGA5, Exposé VI, Proposition 1.2.5], together
with [SGA4, Exposé VIII, Théoreme 5.2].
ii) Moreover, 0"J_ is unramified at every prime of k of residue characteristic #1, at

which X has good reduction. This is a consequence of the smooth specialisation
theorem [SGA4, Exposé XVI, Corollaire 2.2].

iii) Furthermore, 0" is rational, due to the work of P. Deligne on the Weil conjec-
tures [De74, Théoreme (1.6)].

iv) Finally, the representations QX for X, i, and j fixed, but [ running through the
set of all primes numbers, are mutually Compatlble

Indeed, let p be a prime of k of residue characteristic neither [/ nor I, at which X has
good reduction. Then, by the smooth specialisation theorem, x(0y/;(Froby)) is the
same as the characteristic polynomial of Frob on H¢ (X, , Q3 )) On'the other hand,
one has that x(e X],(F roby)) coincides with the characteristic polynomial of Frob on
Hét(XE, Q. (7). "But the latter two polynomials agree, as a consequence of the
Lefschetz trace formula and the Weil conjectures [De74, Théoreme (1.6)].

v) If X is connected and i=2j =dim X then H{ (X7, Q,(j)) carries a non-
degenerate symmetric bilinear form, given by the cup product and Poincaré duality
[SGA4, Exposé XVIII, Théoreme 3.2.5]. One then has im o/ € O(H (X5, Q;(5)))-

Example 2.4. Let X be a K3 surface over a number field k. Choose a prime number /.
For ¢y the first Chern class homomorphism, put

Hj = im(c;®zQ;: Pic X ©zQ; — HZ (X5, Q1))
and Tj := (Hj )" Then, let
ox1: Gal(k/k) — O(T3) C GL(T3)

be the restriction of 921 to T

i) Asa subrepresentatlon of o° X ;» one immediately has that gy ; is continuous. More-
over, ox; is unramified at every prime, at which QX— is.

ii) Furthermore, gy 7 is rational. The representations oy 7, for X fixed, but [ running
through the set of all primes numbers, are mutually compatible.

Indeed, the characteristic polynomial of the action on Pic Xz of any element
o € Gal(k/k) has rational, in fact integral, coefficients, which trivially do not depend
on [. The claim directly follows from this.

Definition 2.5. Let k be a number field and let o: Gal(k/k) — GL,(®,) be a con-
tinuous representation. Then the Zariski closure G, := im(p) of the image of p is
called the algebraic monodromy group of the representation p. It is clear that G, is
a linear algebraic group over Q.

Remarks 2.6. i) Let [ and !’ be two prime numbers and let : Gal(k/k) — GL,(Q,)
and ¢': Gal(k/k) — GL,(Q,) be compatible rational representations. Then the
algebraic monodromy groups G, and Gy certainly do not coincide, if only because
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they are defined over different base fields. Concerning the component groups, there
is, however, Theorem 2.7 below, which we are going to make use of.

ii) The representations considered in Example 2.3 give rise to algebraic monodromy
groups. Similarly, for a K3 surface X over a number field £ and a prime number [,
there is the algebraic monodromy group Gy ;:= Gé’x,z’ which is called the algebraic
monodromy group of X.

Theorem 2.7 (J.-P. Serre). Let k be a number field and let | and I be two prime
numbers. Suppose that the two rational representations ¢: Gal(k/k) — GL,(Q;)
and ¢': Gal(k/k) — GL,(Q,) are compatible. Then the induced homomorphisms

o: Gal(k/k) — G,/G and  ¢: Gal(k/k) — Gy /Gy
to the component groups have the same kernel.

Proof. This is shown in [Se81, Lettre du 29/1/1981, p. 18, Théoréme]. O

Corollary 2.8. Let o;: Gal(k/k) — GL,(Q,), for | running through the set of all
primes numbers, be mutually compatible rational representations. Then the splitting
field of the induced homomorphism

2% Gal(k/k) — G, /G,
to the component group does not depend on . 0
l-adic cohomology versus algebraic de Rham cohomology.

2.9 (The comparison isomorphism). Let & be a local field of characteristic 0 and
residue characteristic { > 0. Then @, C k. We fix inclusions k; C k; = Ql c C,,
for C; the completion of @Q;, which is again algebraically closed [Ko, Theorem 13].
Moreover, let X be a K3 surface over k.. Then, as a particular case of p-adic Hodge
theory [Fa, Theorem II1.4.1], there is a natural Gal(k/k)-equivariant C;-linear iso-
morphism

2
ox: Hey (X7, ©(1) — @ H (X5, Q% )@, Ci(i—1)

\ XE[/E[
=0

1%

connecting [-adic étale cohomology with algebraic de Rham cohomology.

2.10 (The transcendental parts). The comparison isomorphism ¢y is compatible
with the first Chern class homomorphisms. L.e., the diagram

C1

Pic XE: H(Z?t(XE[a Ci(1))

H %lLX
2

: ‘1 1 1 i 2—1i .
Pic X — H' (X, QX%[ ) E:Bo Hi(XG, QXE ) @R Cili=1)
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is commutative. Cf. [Fa, Paragraph II1.4.(a)]. Consequently, ¢ty induces an isomor-
phism

vy Ti®g, Cr = HY (X, O i) @k Ci(—1) © Vg, ®F, € @ H* (X, Ox, )@, Ci(1),

for VE; = (Cl(PiC XEX)®ZE[)J_ C Hl(XE[ Q; /kx)

2.11 (The number field case). Let k be a number field and X a K3 surface over k.
For [ any prime number, let [ be a prime of £ lying above [.

a) Then, combined with the natural isomorphism H2 (X, C€;(1)) = H3 (X7, Ci(1))
[SGA4, Exposé XVI, Corollaire 1.6], ¢ Xy, induces a natural 1somorphlsm

o

|
@N

ex: HE (X7, Ci(1)) H' (X7, 0 Z/,‘3)@3’%,@1(@—1)

=0

vl

= (D H' (X5, Q% Z/k)®z Ci(i—-1),
i=0

which is Cy-linear and equivariant with respect to the natural actions of the decom-
position group Gal(k(/k) C Gal(k/k). Restricting to the transcendental part, one
obtains a Gal(k/k)-equivariant C;-linear isomorphism

e Ti®g, G — HY(Xp, O )@ Ci(=1) ® Vieg O & HA(Xg, Ox) @5 Ci(1),

for Vi := (e1(Pic Xg) @z k)" € H' (X3, Q) R
b) When combmlng further with the inverse map of the natural isomorphism
HZ(Xe, Cy(1)) — HZ (X%, Ci(1)) [SGA4, Exposé XVI, Corollaire 1.6], tx induces

a natural isomorphism

H2(Xe, C(1) — @HZ Xy, Q2 ’/k @rCi(i—1)

= @HZ Xo, 050 0)@cCii-1).

Applying the comparison isomorphism H?(X (C), Cy(1)) = HZ(X¢, Ci(1)) [SGA4,
Exposé XI, Théoreme 4.4.iii)] to the left and the GAGA isomorphism [Se56, Théo-
réeme 1] to the right hand side, this goes over into the usual Hodge decomposition
of complex cohomology,

H*(X(C), (1)) = EB H'(X(C), 2% () ®cCi(i—1) . (3)

Note that the Tate twists do not carry any information here, as C;(i) = C;, for
every i € Z, and there is no Galois action on complex cohomology.
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An elementary descent argument.

Lemma 2.12 (Descent for linear maps). Let K be a field of characteristic 0 and
L O K an algebraically closed field. For K-vector spaces V. and W, let an L-linear
map F:VQgL — W®gL be given that commutes with the actions of Autg(L).
Le. such that, for every o € Autg (L), the diagram

V®KL V®KL
VoL a VoL

commutes. Then there is a unique K-linear map f: V — W such that F' = fQk L.

Proof. According to [Cl, Corollary 53.b)], one has that LA« = K. Conse-
quently, the only Auty(L)-invariant elements in V®y L are those in V', and analo-
gously for W®g L. By assumption, one has that F'(V') is Autg(L)-invariant, and
therefore F'(V)) C W. The restriction f := F|y: V — W is a K-linear map, as V' is
a K-vector space and F'is L-linear. Finally, it is clear that F' = f®g L. U

Remark 2.13. This is certainly a particular case of faithfully flat descent [SGAI,
Exposé VIII, Lemme 1.4], but Lemma 2.12 suffices for the purposes of this article.

3. THE VARIOUS ACTIONS OF THE ENDOMORPHISM FIELD

3.1 (Complex cohomology). Let X be a K3 surface over a field K that is embeddable
into C. Consider the embedding K — C as being fixed. The endomorphism field
E of X is then defined as follows.

One considers the complex manifold X(C) = X¢(C). Then the transcendental
part T := (Hue)* C H*(X(C),Q) of the cohomology is a pure weight-2 @3-Hodge
structure [De71, Paragraph 2.1.12 and Définition 2.1.10]. One puts E := Endy,(T)
to be the endomorphism ring of 7" in the category of Hodge structures. It is known
that £ is always a number field [Za, Theorem 1.6.a)], in fact either totally real or a
CM field (cf. Paragraph 5.1, below), at least in the realm of K3 surfaces.

3.2 (Algebraic de Rham cohomology). Let X be as in 3.1, and let the endomorphism
field £ of X be as defined above. Then, in particular, one has a Q-linear action
of Eon T C H*(X(C), Q). Hence, E acts C-linearly on

TeoC C H*(X(C),C) = H*(X(C),Q)®qC,
and the action commutes with that of Aut(C). But

2
HA(X(0), Q)@aC = P H'(X(C), 9 k@) @H (Xe, D) (4)

’:@HZX L2 )@ C,

X/K
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the actions at least of Aut(C) agreeing with each other, as both take place only
via the right factor. The isomorphism (4) lets the C-linear action of E carry over to
the transcendental part within the right hand side. There, it again commutes with
the action of Autg(C).

Thus, Lemma 2.12 yields a K-linear action of E on

H' (X5, O )
for i = 0,2, as well as on

Vi = (a1(Pic Xg) @z K)" = (e1(Pic Xg) @2 K)" € H' (X7, Uy )

3.3 (Il-adic cohomology). Let again X be asin 3.1, and let the endomorphism field £
of X be as defined above. Then for any prime number [, the Q-linear action of F
on T C H*(X(C),R) induces a Q,-linear action of F on

T; = T®qQy(1) C H*(X(C),Q)®q®(1) = H*(X(C), (1)) N
= Ha(Xe, Q1)) =2 HE (X, Q1))

Note that the two isomorphisms to the right are canonical [SGA4, Exposé XI, Thé-
oréme 4.4.iii) and Exposé XVI, Corollaire 1.6].

Proposition 3.4. Let X be a K3 surface over a number field k. Fix a prime
number | and a prime | of k lying above . Then the endomorphism field E of X acts
Q,-linearly on T; C HZ (X7, Q,(1)) and in such a way that the Gal(k/ki)-equivariant
C;-linear isomorphism

v Tieg, C — HO(X, O p) @FCi(—1) @ Vi@pCr & H*(Xg, Ox,) @5 Ci(1)

commutes with the actions of E on either side.
Proof. The isomorphism % | is just the restriction of the isomorphism
2

vxas He (X5, ©(1) — @D HI(XF, O P eF Cili—1),
=0

1%

which, according to Paragraph 2.11.b), may be obtained as follows. Start with the
Hodge decomposition (3) of H?(X(C),C(1)) and apply the GAGA isomorphism
to the right hand side. Moreover, to the left hand side, apply the canonical com-
parison isomorphism HZ (X7, C;(1)) — HZ(Xe, Ci(1)) = H2(X(C), Cy(1)) [SGA4,
Exposé XVI, Corollaire 1.6 and Exposé XI, Théoréme 4.4.iii)].

The actions of E on both sides are constructed from one and the same action
on H?(X(C),C(1)) via transport of structure along exactly these isomorphisms.
Therefore, they must agree. O
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4. THE ACTIONS OF THE ENDOMORPHISM FIELD AND THE (GALOIS GROUP
ON ALGEBRAIC DE RHAM AND [-ADIC COHOMOLOGIES—THE MAIN RESULTS

The general setting—Non-commuting actions.

Convention 4.1. Let X be a K3 surface over a subfield K of C. In what follows,
we treat the endomorphism field £ as being embedded as a subfield into K in the
following way. The vector space H°(X7, Qi(i /F) is of dimension one, hence the
action of E is necessarily given by Mw = i(u) ¥, for an embedding ¢: E — K and
arbitrary u € E. We treat E as being a subfield of K, via ¢. Then

My =wu-w,

for every w € H( X7, Q?X?/?).

Lemma 4.2 (Non-commuting actions on algebraic de Rham cohomology). Let X
be a K3 surface over a subfield K of C with endomorphism field E.
a) Let w € H' (X7, Q2% ). Then, for every o € Gal(K/K) C Autg(K) and each

X—/K
u € FE, one has "

oolujoo™1

w = oWl

b) Suppose, in particular, that o € Gal(K/K) C Autq(K) and u € E are of the
kind that o(u) # u. Then the actions of o and [u] on H°(X%, Q%(?/f) do not
commute with each other.

Proof. a) One has Mw = u - w, for every u € E and w € H*(X%, Q?)(_/F). On the
other hand, the action of ¢ is provided by pull-back, .

‘w=oc'w.
Consequently, one finds
W= w) =0 (u- (07 w) = oM (w) 0" (07 w) =0 (u) - w,
as claimed. Recall here that o: X% — Xz is induced by the field automorphism
ol K — K.
b) As the assumption implies that v # o~'(u), part a) shows that the actions of
oofuloo™ and [u] on H°( X%, Q% ) do not coincide. This is equivalent to the

. Xz/K
assertion. O

oolujoo™ 1

A lower bound for the component group of the algebraic monodromy group.

Proposition 4.3. Let X be a K3 surface over a number field k with endomorphism
field E. Moreover, let o € Gal(k/k)\Gal(k/kE) be arbitrary. Then one has

QX,Z(O-) ¢ Gg(j )
for any prime number .

Proof. First step. Adjusting the automorphism . Fixing a prime number /.

Let k' O k denote the splitting field of Gy 7/ Gg”, which is a normal extension and,
according to Corollary 2.8, independent of {. Moreover, consider the normal closure
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(kE)™ of kE as an extension field of k. Then (kE)™ D k and hence k' (kE)™ D k,
too, are normal extensions. It follows that the assumption, as well as the assertion,
depend only on the restriction |y gy € Gal(K' (KE)™ /k).

Since k'(kE)™ Dk is an extension of number fields, the Chebotarev density
theorem provides a prime £ of k/(kE)™ that is unramified over k such that
Frob’,f,(kE)(n)/k = 0|pkpym- We denote the prime of k lying under £ by [ Let us
choose a further extension 9 of £ to k and put

& = Froby), € Gal(ki/k) — Gal(k/k).

Then &4 k) = 0|k @r)m € Gal(k'(kE)™ /k), so that it suffices to show the as-
sertion for o, instead of o. Note at this point that the choice of 91 distinguishes a
particular embedding Gal(k/k() — Gal(k/k).

Let [ be the prime number lying under the prime [ of k. In the steps below, [-adic
cohomology is always meant to be for this value of .

Second step. The actions on algebraic de Rham cohomology.

By assumption, there is an element uy € E such that o(ug) # ug. Then Lemma
4.2.b) yields that the actions of o and [ug] on
0 2
H (XEU QXE/E‘)

1

do not commute with each other. Consequently, the actions of gofuglos™' and

[up] on

HO(XE(’ Qi% /E()®E(®l(_1> @D VE@EICI () H2(XE(7 ﬁXE[)(X)E[@l(l) ,

which are both C;-linear maps, must be different, as well.

Third step. The transfer to l-adic cohomology.

According to Proposition 3.4, the actions of 7o[ug]oa™! and [ug] on
,1_}_®@l (Dl ’

which are again both C;-linear maps, do not coincide either. This implies that the
underlying Q,-linear endomorphisms of T} already differ from each other. In other
words, the action of & € Gal(k;/k) on T} does not commute with that of uy € E.

Le., 0x7(¢) & Cp(O(T})). In particular, one certainly has oy ;(7) & (Cp(O(T7)))°,
which, by the work of S. G. Tankeev [Tan90, Tan95] and Yu. G. Zarhin [Za, Theorem
2.2.1], is equivalent to oy ;(0) ¢ Gg(j. Cf. formula (1) from the introduction.

Fourth step. Conclusion.
Let I" # [ be an arbitrary prime number. Then one has ¢, ;(7) ¢ GOX /> too, by
Theorem 2.7, which completes the proof. ’

Corollary 4.4. Let X be a K3 surface over a number field k with endomorphism
field E. Then, for any prime number [, the splitting field of GX,Z/G(;(Z contains kE
as a subfield. 7 O
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Theorem 4.5. Let X be a K3 surface over a number field k with endomorphism
field E and let | be any prime number.

a) There is a natural surjective homomorphism G /G5 — Gal((kE)™ /).
If kE D k is a normal extension then one has a natural surjective homomorphism

Gyi/Gy; — Gal(kE/k). (5)

b) In particular, #(GXJ/G&’Z) is always a multiple of [kE : k].

Proof. a) Write &’ 2 k for the splitting field of Gy ;/G% ;. Then k' is normal over k
and one has a natural isomorphism 7

Gy1/GS; — Gal(k'/k).

Corollary 4.4 implies that &' O kE. Therefore, it follows that k&’ O (kE)™ holds,
too, which implies the first claim. The second claim follows immediately.

b) is a direct consequence of a). O

Remark 4.6. At least under the assumption of the Hodge conjecture, kE DO k is
always a normal extension of fields. Cf. Theorem 7.5.

5. THE FUNDAMENTAL LEMMA ON THE CM CASE

5.1. Recall that a number field £ is said to be a CM field if E is a totally imaginary
quadratic extension of a totally real field. Let E be a CM field and let uy € F
be a primitive element. Then Gal(E™/Q) acts transitively on the conjugates
Uy, U, - - -, Ug, Ug Of ug, thereby preserving the obvious system of blocks of size 2.
Moreover, the complex conjugation just flips each block, and is therefore a central
element in Gal(E™ /Q) [Sh, Proposition 5.11].

A K3 surface X over a number field k is said to have complex multiplication
(CM) if the endomorphism field E is a CM field. In this situation, let £y C E be the
maximal totally real subfield, d := [Ey : Q], and r := dimg 7. Then, for every prime
number [, the action of ug splits 17 into eigenspaces 17 = 1} ., ®11 7, B - - BT}, D117,
which come in pairs corresponding to the conjugates of ug. Each eigenspace is of
dimension 5. Indeed, in T C H?*(X(C), @), the eigenspaces are mutually conjugate,
and hence of the same dimension. Thus, the claim follows from Proposition 3.4.

5.2. Let, as before, X be a K3 surface over a number field k. Then the jump char-
acter of X (cf. [CEJ, Definition 2.4.6]) is the homomorphism 7x : Gal(k/k) — {£1}
given by the natural action of Gal(k/k) on A\™**Tj.

Remarks 5.3. i) The jump character is independent of | [CEJ, Proposition 2.2.1.b)].

ii) The name “jump character” has not been chosen at random. In fact, suppose
that rk Pic Xt is even and let p be a prime of k, at which X has good reduc-
tion and such that the jump character of X evaluates to (—1) at Frob,. Then
rk Pic X > rk Pic X3 4 2 [CEJ, Proposition 2.4.2].
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5.4. Contrary to the generic and RM cases, in the CM case, one has that (5) is
always an isomorphism. Le., that the splitting field of G y; / GO - is exactly kE.
Cf. Theorem 7.7.a). As a consequence it is possible in the CM case to describe the
jump character entirely in terms of the endomorphism field and the Picard rank,
cf. Theorem 7.7.b).

The goal of this section is to provide the necessary preparations. The complete ar-
gument will be given in Section 7 and is, unfortunately, somewhat indirect. It makes
use of the Hodge conjecture, which is known to be true in the case of CM K3 sur-
faces.

Proposition 5.5. Let X be a K3 surface over a number field k having CM by an
endomorphism field E. Choose a prime number [.

a) Then each of the eigenspaces Tiuy, Tiays - Dy, Tiu, 1S isotropic.  One has
Cp(O(T})) = [GLy/2a(Q)]%. In particular, G° -%CE(O( T7)).

b) There is a natural faithful permutation action of GXI/G - on the set of eigen-
spaces {Tiuys Dimyy- s Tiuy Tim,} that preserves the obmous system of blocks of
size 2,

GX,Z/Gg(j — (Z/QZ)dXISd Q Sgd .

Proof. a) For two eigenvectors, (v,v") # 0 is possible only when the corresponding
eigenvalues u, v’ are complex conjugates. Indeed one has

w-{v,0) = (o, ) = (0, ') =7 (v, 07),

due to [Za, Theorem 1.5.1]. In particular, the first claim is shown.

Moreover, the cup product pairing on 77 is nondegenerate, so there exist bases
B.,,Bg,,..., By, Bg, of Ti,, Tim, ..., Tiu,, and T}z, respectively, such that,
for B := B,,UBgz,U- - -UB,,UBg,, the matrix Mp((.,.)) is block diagonal consisting

of d diagonal blocks of type
( 0 Er/2d)
ET'/Qd 0

and zeroes, otherwise.
Furthermore, an endomorphism s € End(7}) commutes with the action of E if
and only if it maps the eigenspaces to themselves. l.e., when

6y o..o0
0 G; 0
M5 (s) ]
0 0..G5o
0O 0..0 G;
for suitable matrices G, G7,...,G},G7. On the other hand, a direct calculation

shows that s is orthogonal 1f and only if G; = ((G;)")™', for each i. Consequently,

G
B ol(Gﬁ(;*l‘.‘ g 0
Cep(O(T7)) =< s € End(T7) | M3(s) = | .. -~ . . « |, for some Gy,...,Gq4
0o 0 Gg 0
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> [GLyj2a(@))7
as claimed. In particular, Cp(O(77)) is connected, which implies the final assertion
in view of (1).
b) As the neutral component of an algebraic group is always normal, one clearly has

Gxi € Nowmy (G ) = Now) (Cp(O(Th))) -
Moreover, if s € O(1}) C End(Tl) normalises GO = Cg(O(T7)) then each of the sub-
vector spaces $(Tj4,), $(T1z,), -+ $(Thuy,), s(11, ud) must be invariant under the action

of Cg(O(17)). Since there are no such spaces other than 77 ,,, Tz, - -, Tiu, Ti7,,
the endomorphism s necessarily permutes them, thereby defining a permutation
action

GXZ - Sym({Tl ulle,ﬂlv s 7Tl7ud7 ﬂﬂd}) = S (6)
Furthermore, s € O(1;) C End(7}) commutes with £ if and only if s maps every
eigenspace to itself, so the kernel of (6) is exactly Cp(O(1})) = Gg{ ;» which implies
the first assertion. The preservation of the block system is obvious. U
Lemma 5.6 (The fundamental lemma on the CM case). Let X be a K3 surface
over a number field k having CM by an endomorphism field E. For some prime
number [, suppose that

Uo[u}00712} — [Jfl(u)],u’ (7)

for every v € Ty, 0 € Gal(k/k), and u € E.

a) Then there is a natural isomorphism
Gyx1/GS; — Gal(kE/k).

Le., the splitting field of ze/G - 1s exactly kE.
b) The Jump character Tx: Gal(k/k;) — {£1} s

1 if B PTG even,
. L [E:Q)]
sign of the natural permutation
o § action of o € Gal(k/k) on the
conjugates uy, Uy, . .., Uq, Ug Of N
a primitive element ug € E, if % is odd.

Proof. a) The assertion means that oy;(c) € G ; if and only if o € Gal(k/kE),
which is equivalent to 7

The implication “=" of (8) is true, due to Theorem 4.5.a). In order to show “<=",
note that, for o|g = idg, assumption (7) says that the action of ¢ on 7; commutes
with that of E. But this is sufficient to imply ox;(0) € G in the CM case, due
to Proposition 5.5.a). For the statement concerning the sphttlng field of Gy ; / G°
recall part iv) of the Conventlons and Notation subsection.

b) Assumption (7) yields o°lo(o)ly = [wl(9y) for every o € Gal(k/k) and v € T5.
Hence, for an eigenvector v € T, one has v € T} ;). In other words, the action

X,
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of Gal(k/k) permutes the eigenspaces Tj.u,, Tim,, - - - » Ti.uy, Tim, according to the nat-
ural action of Gal(k/k) on uy, @y, ..., uq, Ug, as elements of k.

On the other hand, by definition, the jump character maps each o € Gal(k/k) to
det 0y 7(0). Asdet is locally constant, this depends only on the class of o ;(0) € Gy ;
in the factor group Gy ;/G%; — (Z / 27)%xS,. By what was just shown, this class
is given directly by the natural action of o on uy, Wy, ..., ug, Ug.

We claim, more generally, that, for every A € No(r)(Cg(O(17))), one has

det A = (sgn(ma,aq))”*,
where (74, a4) denotes the class of A in

No(Ce(O(1)))/ Cp(O(T})) = (Z/2Z)" % Sa C Saa.

Note here that 5; = %

For this, choose bases By = {vi1,...,V1/24} -5 ={va1,...,Var2a} of
Ty s Thuys respectlvely, and equip Tzu with the ba31s B = {v} 1o ,vir/zd},
dual to By, for i = 1,...,d. Moreover, for every (m, a) € (Z/QZ) xSy € Saa,
let Mz, be the Ql—linear map that sends v;; to vy ; or vw(z)’] depending on
whether a; = 0 or 1, and v}; to vﬂ(z) OT Ur(y),j, accordingly. Then, by construction,
M(z.q) is an orthogonal map, hence M(ma) € NO(TT)(CE(O(TX))). On the other hand,
Mz, is the QQ-linear map corresponding to a permutation matrix, for the permu-
tation given by o disjoint copies of (m,a). Therefore, det M q) = (sgn(m,a))"/?".
Finally, for A € No(1;)(Cg(O(T3))) arbitrary, Mz, ,) belongs to the same com-
ponent of the algebralc group No)(Cg(O(T7))) as A. This finally shows that
det A = det Mz, a,) = (sgn(wA,aA))’"/zd as claimed. O

Remark 5.7. Supposedly, assumption (7) is always true, even in the non-CM cases.
Our argument, however, relies on the Hodge conjecture and is therefore postponed
to Section 7. Cf. Lemma 7.6.b), below.

6. A DIGRESSION: THE FIELD OF DEFINITION OF THE CONJECTURAL
CORRESPONDENCE DESCRIBING REAL OR COMPLEX MULTIPLICATION

6.1. Let X be a K3 surface over a field K C C. Then one has the direct decompo-
sition H*(X(C),Q) = Hay ® T of pure weight-2 Q-Hodge structures.

Moreover, let E& be the endomorphism field of X. Then every u € E defines a
morphism [u|: " — T of Hodge structures. There exists a (non-unique) extension
H?*(X(C),Q) — H*(X(C),Q) of [u] that is still a morphism of Hodge structures.
Let us fix one such extension, which, by abuse of notation, we again denote by [u].

Then [u]: H*(X(C),Q) — H*(X(C),RQ) is a Q-linear map and the induced
C-linear map H*(X(C),C) — H?*(X(C), C), which respects the Hodge decompo-
sition H2(X(C),C) = @7, H(X(C), Q> (@)); clearly commutes with the action
of Autz(C) on both sides. Therefore, Lemma 2.12 implies that [u] descends from
a C-linear endomorphism of HZ(X((D) Q) = Hi(Xe, Q5% ’/ ) to a K-linear

an, X (C)

endomorphism of H' (X% Qi( ’/K) for i = 0,1,2. Cf. Paragraph 3.2.
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Definition 6.2. Let X be a K3 surface with endomorphism field E over a field
K C (C, and let u € E be arbitrary.

a) For a basis (v, ..., v3) of H*(X(C), Q) and ((vi")*, ..., (v35)*) the dual basis,
the analytic Casimir element A" associated with u is given by
A= () @ Mo - (033) @ Mgy € HA(X(C), Q)" @q HY(X(C), Q)
= H*(X(C),Q) ®q H*(X(C), Q)
C HY (X xX)(C),Q).

b) For a basis (vy, ..., v) of @7 H (X%, Q2 ’ ) and (v,...,vl,) the dual basis,
the algebraic Caszmzr element A, assomated Wlth u is given by

Ay =05 @My 4 4 g, @ Moy, € @ H' (X, Q_2x Z/K ¥xr @ H'(Xg, Qi<—Z/K)
i=0 =0
9)
2 2
~ i 24 ) 2—1

1=0

C D H (X xX)z Q! ),

XxX)g/K)’
i=0
Here,
2 2
ul: @HZ(XF, Q?X Z/K @HZ(XF, Q2X—Z/K) v - Uy
~ ~

is the endomorphism described above.

Remarks 6.3. 1) The Casimir elements A, and A?" do not depend on the bases cho-
sen. Cf. [Hu, Section 6.2], where this fact is shown in a rather different context.

ii) In particular, the image of A?" in

HY((X x X)(T),C EBH’ (XXX, U )0 sc)

=0

under change of coefficients may be constructed in the same way from any basis of

2 2
H*(X(C),C) = P H'(X(C), 22 o) = P H (Xe, 0% o) -

Therefore, it coincides with the image of A, in @_, H'((X x X) ¢, Q?‘X’X X)e/e) W=

der base change.

Lemma 6.4. Let X be a K3 surface with endomorphism field E over a field K C C,
and let uw € E be arbitrary. Then, for any o € Gal(K/K) and any basis (vq, . .., Vx)
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2 v O2—i
of B;_, HZ(XK,QX?/?), one has B B
U(Au) = U’f ® (oo[uloo )Ul 4+t ng ® (oo[uloc )U22 ]
Proof. Recall that A, is independent of the basis chosen. Instead of (vy, ..., vas),
another basis is provided by ("71211, e ,"712122). Moreover, as o' acts by an or-

thogonal map, the dual basis is then simply ("71(211*), . ,"71(21;2)). Consequently,
one has

Ay =" @M o) 4 7 () @M )
which yields that
T(A) =" @7 (M 0y)) 4 vl @ (T 1))
¥ (oo[ujoo™1) . * (oo[u]oo™1)
(%] ® U1 + + Voo ® V22 ,
as claimed. 0

Proposition 6.5. Let X be a K3 surface with endomorphism field E over a field

K C C, and let u € E be arbitrary. Suppose that the Hodge conjecture [De06] holds

for (X xX)(C).

a) Then there exists a Q-cycle C, of codimension 2 in (X x X )i of the kind that
c(Cy) = A, . (10)

b) There is a finite extension field K' O K such that the Q-cycle C, can be defined
over K'.

Definition 6.6. The Q-cycle C,, is usually called a correspondence describing the
action of u € E on X4

Proof of Proposition 6.5. a) As [u]: H*(X(C),Q) — H*(X(C),Q) is a mor-
phism of Hodge structures, the image in H*((X x X)(C), C) under change of coef-
ficients of the analytic Casimir element A* € H*((X x X)(C), Q) is pure of Hodge
type (2,2). Therefore, the Hodge conjecture yields a Q-cycle C¥ of codimension 2 in

(X xX)(C)=X(C)xX(C)
corresponding to the analytic Casimir element A2". Le., of the kind that
P (CF) = A (11)
According to the GAGA principle [Se56, Proposition 13], one knows that CT is
automatically a complex algebraic Q-cycle on (X x X)g. Furthermore, the analytic
cycle class map cl* is compatible with the algebraic cycle class map cl.

The cycle class map is compatible with base change from K to C, too. Cf. [SP,
tag OFWC]. There is, however, no need for C¥ to descend to (X x X)%. On the
other hand, algebraic equivalence is finer than homological equivalence [Fu, Propo-
sition 19.1.1]. Hence, one may replace C¥ by any algebraically equivalent Q3-cycle
Cy on (X x X)¢, without affecting (11).

Write

Cy =r(C)+ -+ rm(Cr),
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for ri,...,r, € Qand C4,...,C, C (X X X)¢ closed subschemes of codimension 2
being reduced and irreducible. We shall treat each component individually, replacing
them by algebraically equivalent ones that descend to K.

To be concrete, let us first choose a projective embedding X x X < P%. Then, for
each 7, there is the Hilbert scheme H; := H Po,, XXX which is a projective K-scheme
[FGA, Exposé 221, Théoreme 3.2|, that parameterises closed subschemes of X x X
having the same Hllbert polynomial Pg, as C;. The Hllbert scheme H; comes
equipped with a universal family 7;: 6; — X x X x H; Lt H; that is a projective
and flat morphism of schemes. Moreover, by [EGA IV, Théoreme 12.2.4.(viii)|, the
locus H? C H;, above which the fibres of 7 are reduced and irreducible, is open.

The subscheme C; C (X x X)¢ gives rise to a C-rational point z; on H?, accord-
ing to the definition of the Hilbert scheme. In particular, one sees that H) # .
Let (HY) C H? be the irreducible component of H? containing z;. Then (H}) has
a K-rational point z; € (HY)'(K) by a weak version of Hilbert’s Nullstellensatz [Ei,
Corollary 13.12.i]. The corresponding fibre C; := (6; xg,{2})c is obviously alge-
braically equivalent to C;, cf. [Fu, Example 10.3.2], and descends to K. This com-
pletes the proof of a).

b) immediately follows from a). O

Theorem 6.7 (Lower bound for the field of definition of a correspondence). Let X
be a K3 surface with endomorphism field E over a field K C C. Suppose that the
Hodge conjecture holds for (XxX)(C). For some u € E, let C,, be a correspondence
describing the action of u on X% and let K' O K be an extension field over which
C. can be defined.

Then K' O E', for E' .= K(u) the subfield of E generated by wu.

Proof. As C, can be defined over K”, one has 7(C.,) = C., for every o € Gal(K/K’).
Since the cycle map is Gal(K /K’)-equivariant, this yields

T(Ay) =(cl(Cy)) = cl(7(Cy)) = cl(Cy) = Ay, . (12)
At this point, Lemma 6.4 shows in v1ew of (9) that (ke Ny, = [y, for
i=1,...,22. Thus, the actions of oo[u]ooc™" and [u] on

@Hz Xie O i)

which are both K-linear maps, coincide. In other words, the action of ¢ commutes
with that of [u].

From this, Lemma 4.2.b) immediately yields that o(u) = u. As 0 € Gal(K/K') is
arbitrary, this is possible only for u € K’. I.e., one has K(u) C K’, as required. [
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7. RESULTS RELYING ON THE HODGE CONJECTURE

Generalities.

7.1. Let X be a K3 surface over a field K C C. Then, as usual, a QQ-cycle C of
codimension 2 in (X x X )z defines a homomorphism on algebralc de Rham coho-
mology [KIl, Section 3],

e X—/K Xz /K

-.
Il )
o

2
H' (X, O ) — @D H (X, O 1), v = praou(pri(v) Uel(C)) .
=0

2
If cl(C) = vf @ wy + -+ + vjy @ wag, for (vy,...,v0) a basis of @ H (X%, Qi Z/K)
and (v}, ..., vs,) the dual basis, then =0

Yo(vi) = w;, (13)
fori=1,...,22.

7.2. Let E be the endomorphism field of X. For each u € E, we extend [u]: T — T
to a (Q-linear map

[u]: H*(X(C),Q) — H*(X(C),Q)

by mapping H,, identically to 0. This is a particular case of the extensions consid-
ered in the section above.

Suppose, in addition, that the Hodge conjecture holds for (X x X)(C). Then, ac-
cording to Proposition 6.5.a), there is a Q-cycle C,, of codimension 2 in (X x X )z sat-
isfyi?lg the condition that cl(C,) = A,. By (13), for every u € @Z o H' (X%, Qi( ’/K)
one has

Furthermore, for arbitrary o € Gal(K/K), let us consider the Q-cycle ?(C,),
which is again of codimension 2 in (X x X)%. One clearly has cl(?(C,)) = 7(A,).
Thus, from Lemma 6.4, together with (13), one concludes that

Yo(euy(v) = 71w, (14)

for every u € @H’( Qi ’/K)

7.3. Analogously to the above, a Q-cycle C' of codimension 2 on (X x X )z also
defines a homomorphism on [-adic cohomology,

Year Ha(Xge, Q1)) — HE (X, Qy(1)), v = praw(pri(v) U el(C)).

Suppose that & = K is a number field. Then there is the comparison isomor-
phism ¢x (, which is compatible with the cycle map, cup products, and the Kiinneth
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decomposition [Fa, Theorem I1.3.1, cf. Paragraph 2.11]. So one has a commuta-
tive diagram

Yo, ®id

HE (X5, €i(1)) ’ HZ (X5, €i(1))

gtbx,[ gl‘xv[

2 . i . ®id i i .
@ H' (X5, Q% /k)®z@l(l—1) - EBH (X7, Q5 /k)®z@l(l—1)-

1=0 i=0

Therefore, Proposition 3.4 shows that

Yo, (v) = [uly | (15)

for every v € T3, too. Moreover, the [-adic cycle map cl;, as well as cup products and
the Kiinneth decomposition, are compatible with the action of Gal(k/k). Thus, (15)
implies that v (c,):(°v) = 7(“v), which is equivalent to

1

’yo(cu)J(U) = Uo[u}oa* vU. (16)

Lemma 7.4. Let X be a K3 surface with endomorphism field E over a field K C C
and C a Q-cycle of codimension 2 in (X x X ). Furthermore, let some nonzero

we H' (X%, Q2 /K) be given.

a) Then vo(w) = u-w, for some scalar factor u that is necessarily an element of E.

b) Suppose, in particular, that yo(w) = 0. Then the homomorphism ¢ is identically

P 2—1 . r
zero on H'( Xz, 0" /K) for i =0,2, as well as on V.

Proof. The homomorphism 7&: H*(X(C),Q) — H?*(X(C),Q) on complex co-
homology induced by ¢ may be described by v&: v +— pry.(pri(v) U cI*(Cg)),
for C the complexification of C'. Therefore, 7 is a morphism of Hodge struc-
tures [GH, Section 2.5], which implies that it must map the transcendental part
T C H*(X(C),Q) to itself. Clearly, v&'|r: T — T is an endomorphism of the
Hodge structure 7. Le., v&|r and hence

vl @ mixpar v @ H (X 0 1) @ Vie — @ H'(Xpe, 0 ) @ Vig

i=0,2 X/K i=0,2 i=0,2

itself, too, must be given by an element u € F.

a) In particular, one has that yc[go(x_ 2 is simply the map vo: w — u - w,
K
which proves the assertion. =

b) Here, the assumption yields that u = 0. Therefore, ¢/ @ Hi(Xp 02 Jave = 0,

as claimed. i=0,2 Xr/® U
Normality of the endomorphism field.

The result below is well-known in the context of CM elliptic curves [Sh, Proposi-
tion 5.17.(3)].
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Theorem 7.5 (Normality of the endomorphism field). Let X be a K3 surface with
endomorphism field E over a field K C C. Suppose that the Hodge conjecture holds
for (X xX)(C). Then the composite field KE is normal over K.

Proof. Let uy € E be a primitive element. As the Hodge conjecture is assumed
to hold for (X x X)(C), by Proposition 6.5.a), there is a QQ-cycle C,, of codimen-
sion 2 in (X x X )z satisfying cl(C,,) = A,,. For an arbitrary o € Gal(K/K), let
us consider the Q-cycle 7(C,,), which is again of codimension 2 in (X x X)z. Con-
cerning the homomorphism on algebraic de Rham cohomology defined by 7(C,,),
one knows from formula (14) that

’)/o(CuO)(U) = - v,
for every u € @7, H (X%, 0 ).
For v € H(X%, Q3 _ /f), Lema 4.2.a) computes the right hand side explicitly.
One has .
Vo (Cug) (V) = o Hug) - v. (17)
At this point, from Lemma 7.4.a), one sees that o' (ug) € EF C KE is enforced.

Since ug € K F is a primitive element relative to K and o € Gal(K/K) is arbitrary,
this shows that K E is normal over K, which completes the proof. O

The splitting field and the jump character in the CM case.

Lemma 7.6 (Commuting actions). Let X be a K3 surface with endomorphism
field E over a field K C C. Suppose that the Hodge conjecture holds for (XxX)(C).
a) Then, for every u € E and o € Gal(K/K) C Autg(K), one has

ooluloo™1 — [0~ (u)]

n
for arbitrary n € @-_, H' (X7, Q;?/E).
b) Suppose, in particular, that k = K is a number field. Let I be any prime number
and let v € T; be arbitrary. Then, for every o € Gal(k/k) and each u € E,

UE

oo[ujoo™1

o=l

Proof. a) For the Q-cycle D :=7(C,) — Cjy-1(4) on (X x X)%, one has

yp(n) = ooty — Wl
for every n € @:_, H'( Xz, Qi‘i /?). Therefore, Lemma 4.2 shows that yp vanishes
on H(X#, Q% ). Hence, according to Lemma 7.4.b), vp is the zero map on the

X+/K
whole of x/

i(Y_ (O2—i -
i§?2H (X QX?/f) & Vi
As the actions of u and o~!(u) are assumed to be identically zero on the algebraic
part of the cohomology, vp is the zero map altogether, which completes the proof
of a).
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b) In view of (13), the result of a) shows that the Q-cycle D on (X x X))y is homo-
logically equivalent to zero. This property holds for /-adic cohomology, too, which
implies the assertion, due to formulae (15) and (16). Note here that clearly D is nu-
merically equivalent to zero. As D is a cycle of codimension 2, this is known to imply

homological equivalence to zero with respect to any Weil cohomology theory [Lie,
Corollary 1]. ]

Theorem 7.7 (The splitting field and the jump character). Let X be a K3 surface
over a number field k. Assume that the endomorphism field E of X is a CM field.

a) Then, for every prime number [, there is a natural isomorphism
Gyx1/GS%; — Gal(kE/k).

Le., the splitting field of Gy 7/GS,; is exactly kE.

b) The jump character 7x: Gal(k/k) — {£1} is

1 f 2 PeXT s even
| o By ’
sign of the natural permutation
o < action of o € Gal(k/k) on the
conjugates uy, Uy, . .., Uq, Ug of N
a primitive element ug € E, if % is odd.

Proof. It is known that the Hodge conjecture holds for (X x X)(C) [RM, Theo-
rem 5.4]. Thus, in view of Lemma 7.6.b), both assertions follow directly from the
fundamental Lemma 5.6. O

Corollary 7.8. Let X be a K3 surface over a number field k. Suppose that the
endomorphism field of X is an imaginary quadratic field E = Q(+v/—0), for § € N.

Then the jump character Tx: Gal(k/k) — {£1} is given by
1, if tkPic Xz = 2 (mod 4),
Frob, — { (_75)’ if tkPic Xz =0 (mod 4).

8. EXAMPLES
Complex multiplication.
Ezample 8.1. Let X| be the double cover of qug, given by
w? = zyz(z +y + 2)(x + 2y + 32) (5z + 8y + 202)

and X; the K3 surface obtained as the minimal desingularisation of Xj. Then,
as shown in [EJ22b, Example 5.7], the geometric Picard rank of X; is 16 and
the endomorphism field of X is £ = Q(¢). Thus, Theorem 7.7.a) implies that
Gy, j/Gg<1z ~ Gal(E/Q) = Z/2Z and Corollary 7.8 shows that the jump character
Ty, Is given by (=%). Both facts have been obtained before, using other methods.

Ezample 8.2. Let X5 := Kum(J(C)) be the Kummer surface associated with the
Jacobian of the genus 2 curve C over @, given by w? = 2° — 1.
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a) Then the geometric Picard rank of X5 is 18.

b) The endomorphism field of X5 is ' = Q({5) and the jump character Ty, is given
by (2).

Proof. a) According to [vW, §7], the Jacobian J(C) of C' has CM by the quar-
tic field Q(¢5). This yields that tk NS J(C)¢ = [Q(¢):RQ]/2 =2 [Mu, Section 21,
Application III]. Finally, it is well-known (cf. [Lim] or [EJ12, Fact 4.1]) that

rk Pic X ¢ = rk Pic Kum(J(C))¢ =tk NS J(C)¢ + 16.

b) For the transcendental part T C H?(X5(C), Q) of the cohomology, one has an
inclusion 7' — H?(J(C)(C), Q) = A*H'(C(C),®Q). On the right hand side, let (5
act asv A v’ — [Sly A 161y This is well-defined and a morphism of Hodge structures.
Moreover, on T', the minimal polynomial of this morphism is (7° — 1)/(T — 1), so
there is an extension to an action of the whole of 3((5). I.e., one has £ O Q((5) and
the inclusion the other way round follows from the fact that T carries the structure of
an E-vector space, which implies [E: Q)] | (22 — rk Pic X, ). The final claim follows
from Theorem 7.7.b). It may as well be obtained using [CEJ, Algorithm 2.6.1]. O

In view of these results, Proposition 5.5.a) shows that G¢_; = [@,]2. Moreover,
GXzJ/Gg(zZ >~ Gal(E/Q) = Z/AZ, by Theorem 7.7.a). Based on point counting
on C, which is faster than counting points on X, we determined Tr(oy, 7(Froby)),
for all prime numbers p < 5-10% If p # 1 (mod 5) then Tr(gy, ;(Frob,)) = 0.
The experimental distribution of the traces is shown in the histogram below, plot-
ted against the theoretical distribution, according to the Sato—Tate conjecture, the
density of which is given by K(1 —#*/16) /872, for K the complete elliptic integral of
the first kind. Cf. [EJ22b, Section 2 and formula (6)]. The histogram ignores about
the primes p Z 1 (mod 5), which would add a spike of mass 3/4 above 0.

4 20 2 4
FIGURE 1. Theoretical and experimental trace distributions for the

K3 surface X, over k = @Q of geometric Picard rank 18 having CM by
E=Q(¢)

Example 8.3. Let X3 be the Kummer surface associated with the split abelian surface
E, x E,, for E; and E5 the elliptic curves over @, given by E;: y?> = 2® + 2 and
Ey: y? = a3 + 422 + 2x.
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a) Then the geometric Picard rank of X3 is 18.

b) The endomorphism field of X3 is £ = Q(+/2,4) and the jump character 7x,
is trivial.

Proof. a) One has j(E;) = 123 and j(E,) = 20?, hence the curves have CM by Q(z)
and Q(v/—2), respectively [Co, §12.A]. This ylelds that End((E; x Ey)¢) = Q(V2,1)
and that tk NS((E} x E»)¢) = [Q(v/2,1):@Q]/2 = 2 [Mu, Section 21, Application II1],
which implies the claim.

b) For T C H?*(X3(C),Q), the Kiinneth formula yields a natural isomorphism
T = HYE,(C),Q)®qg H(Ey(C),Q). Moreover, the action of Q(v/2,i) on T
is given by H(v@v') ;== lv@v’ and V-2 (v@0') := v@V=2lw/. Again, the equality
E = Q(+/2,1) is enforced by the fact that T carries the structure of an E-vector
space. The final claim is obtained using [CEJ, Algorithm 2.6.1]. O

Note that the result on the jump character as well follows from Theorem 7.7.b).
Based on point counting on F) and Es, we determined Tr(gy., ;(Frob,)), for all prime
numbers p < 5-10% If p # 1 (mod 8) then Tr(gy, ;(Frob,)) = 0. The experimental
distribution of the traces is shown in the hlstogram above, plotted against the the-
oretical distribution, according to the Sato—Tate conjecture, which is the same as
in Example 8.2. Note here that one has G - >~ [@,]?, again. Furthermore, Theo-
rem 7.7.a) shows that GXSJ/G = Gal(E/(Q) [Z)27)*. Again, the spike above 0
of mass 3/4 is ignored.

-4 2 0 2 4
F1GURE 2. Theoretical and experimental trace distributions for the

K3 surface X3 over k = (@Q of geometric Picard rank 18 having CM by

E= Q(\/Z Z)

FEzample 8.4. Let X} be the double cover of PGQQ, given by
w? = :Byz(x?’ —32%2 — 32y — 3zyz + y° + 9Pz + 6y + 23)

and X, the K3 surface obtained as the minimal desingularisation of X). Then,
as shown in [EJ22b, Example 5.11], the geometric Picard rank of X, is 16. More-
over, there is strong evidence that the endomorphism field is £ = Q(C+ ¢, v —1).
Assuming this, Theorem 7.7.a) implies that

G, 1/GS, 1= Gal(B/Q) = Z /67
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and Theorem 7.7.b) shows that the jump character Ty, is given by (=1). The latter
fact has been obtained before. For the former, strong evidence has been reported.

Ezample 8.5. Put k := Q[t]/(t> —t> — 4t + 1) and let X! be the double cover of P},
given by

w? = zyz(z +y + 2)(x + ay + Bz)(z + vy + 02)

_ 2 __ _ 2 T ETIREE — s
for o — =26t 23t+16 B = ol J{21125t+957 ~ ¢ §t+117 and § - 46t +5t+149
Let X5 be the K 3 surface obtained as the mlmmal desmgularlsatlon of XL Then the

geometric Picard rank of Xj is 16.

Proof. An upper bound of 16 is provided by the reduction X5, at the unique
prime ideal p of k of ideal norm 29, which is of geometric Picard rank 16. On the
other hand, the ramification locus has 15 singular points. Thus, X5 contains 15
(—2)-curves, which are mutually skew, and hence provide a lower bound of 16,
together with the inverse image of a general line on P3. U

There is strong evidence that the endomorphism field of X5 is £ = k(). Note that
the cubic field k is totally real, so F is indeed a CM field. Moreover, F is not nor-
mal over @), but, in agreement with Theorem 7.5, one has that kE = k(7) is normal
over k. If this is true then Proposition 5.5.a) shows that G >~ [@Q,]?. Further-
more, Gy, l/GO = Gal(kE/k) = Gal(k(i)/k) = Z/2Z and the'; JU.IIlp character 7,
is glvenby( 1)

The evidence is as follows. We calculated the characteristic polynomial of Frob,
on Ty C HZ (X, 7, Q;(1)), for all prime ideals p of k of ideal norm <10 000, at which
X5 has good reduction. It turned out that, for each p, rk Pic X535 is either 16 or 22.
More precisely, if p is inert in k(i) then one always has that Tr(oy, ;(Froby)) =0
and that the reduction is of geometric Picard rank 22. On the other hand, if p
splits in k(i) then the geometric Picard rank of the reduction happens to be 16,
each time. Moreover, the characteristic polynomial of Frob, on T; splits off two
linear factors over k(7). Over k(™ (i), it splits into linear factors completely. If p is a
prime of degree 3 then characteristic polynomial of Frob, on 77 is a perfect cube of a
quadratic polynomial. Furthermore, the height [AM] of the reduction X5, coincides
with the degree of p. In particular, X5, is ordinary if and only if p is a degree one
prime ideal that splits in k(7).

In addition, we calculated the trace of Frob,, for all primes p up to ideal norm 10
The observation that Tr(oy, ;(Froby)) = 0, for every inert prime p, extends up to
this bound. Moreover, for each split prime, one has exactly

vp(Tr(ox, 1(Froby))) = [Or/p - Fp] — 1,

for v,: Q* — Z the normalised p-adic valuation and p the prime number lying
below p. The information is summarised in the table below. Note, in particular,

that the observation concerning ordinarity made above extends up to the bound
of 107.
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Behaviour of p
in k(i)/k inert split
Degree of p
1 Tr(ox, 1(Froby)) = 0 | vp(Tr(ex, j(Froby))) =0
2 not possible vp(Tr(ox, 7(Froby))) =1
3 Tr(ngj(Frobp)) =0 Vp(TI‘(QX5 7(Froby))) =2

TABLE 1. The traces of Frob, for the K3 surface X5 over a non-

normal cubic number field £ of geometric Picard rank 16 having CM
by E = k(i)

Remark 8.6. Having chosen a suitable basis of H?(X5(C), Z), as described in [EJ22a,
Corollary 3.14], the restricted period point [EJ22a, Definition 3.15] of X7 is

(1:PF—t—2:T—F:i: B1—2-i: 1=1-3), (18)

up to an error of less than 1072%°. Here, k is considered as a subfield of R, via the
embedding, given by t — 0.23912... For the QQ-linear action of k(7), given by

0 0

0 0

~ 0 0

and i— |_7 o

0-1
0 0-

HOOOOO
SOoOOoOoOOoOH
OOoOoOOoO+—O
oo~ OO

the one-dimensional vector space underlying (18) is an eigenspace, which would
prove CM by k(i) if we knew the period point exactly [EJ22a, Theorem 6.29.b)].
The search for this example has actually been based on period integration [EJ22a,
Algorithm 5.2].

The experimental distribution of the traces for all prime ideal p in k of ideal norm
<107 is shown in the histogram below, plotted against the theoretical distribution,
according to the Sato-Tate conjecture. The spike of mass 1/2 above 0 is not shown.
The density of the theoretical distribution agrees, up to scaling, with the one dis-
cussed in [EJ22b, Section 3, second of Examples B]. There is an explicit formula,
which is, however, rather complicated [EJ22b, formula (7)].

-6 -4 -2 0 2 4 6
F1GURE 3. Theoretical and experimental trace distributions for the

K3 surface X5 over a non-normal cubic number field £ of geometric
Picard rank 16 having CM by E = k(1)
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Real multiplication.

In the generic and RM cases, it may easily happen that the splitting field of G y; / ng
strictly contains kE. Cf. [EJ22b, Examples 5.4, 5.8 and 5.10]. In the example below,
however, equality holds, at least conjecturally.

Ezxample 8.7. Let X be the double cover of PGQQ, given by
w? = —1974xyz(2® — 142%2 + 1lzy® — 22° + 12¢° — 14y°2 — 12y2% + 142°)
and X the K3 surface obtained as the minimal desingularisation of X{.
a) Then the geometric Picard rank of X is 16.
b) The endomorphism field of Xj is at most quadratic.
Proof. The surface Xj is the quadratic twist of the surface )?6, presented in [EJ22b,
Example 5.10], by the twist factor (—1974) = —2-3-7-47. Le., the two surfaces are
geometrically isomorphic. In fact, they are isomorphic over K = Q(v/—1974).

In particular, the geometric Picard ranks as well as the endomorphism fields are
the same. 0

There is strong ev1dence that the endomorphism field of X4 is E = Q(V/3).
Note that X = V12 in the notation of [EJ16, ConJectures 5. 2] and Xg = X4 in
the notation of [EJ22b]. Thus, conjecturally, GO = [SO3(Q,))?, for any prime [.

Concerning the component group, we claim that G Xol i/ GO ;18 of order 2. For this,
recall the inclusion

G x, 1/ Gxe1 = Noy(@y (1805(Q)]*)/[SOs(Q))* = (Z/22)* % S
into the dihedral group of order 8. Moreover, one clearly has

#X(E,), i (=
20 +p+ 1) — #X4(F,), if (7120

e |

and, consequently,

Oxe] = OX61" (= 1.974)’ (19)

Thus, the experimental observations described in [EJ22b, Section 5] carry over as fol-
lows.

One has Tr(oy, ;(Frob,)) = 0 for all primes p = 45 (mod 12), at least as long
as p < 5-108. These are exactly the primes such that the jump character 7x, eval-
uates to (—1) at the corresponding Frobenii, hence the component group is bound
to elements of the types (+0) (82), (?:6), and ( o). Furthermore, formula (19)
shows that, in view of the corresponding observation for X [EJ22b, comments below

Example 5.10],
O, Z(Frob ) €05 (QR)) < p==+l (mod 12) and (3) =-1,

which is contradictory. Hence, the component group Gy, ; i/ G ; 1s bound to order 2.
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The experimental distribution of the traces for all primes p < 5 - 10% is shown in
the histogram below, plotted against the theoretical distribution, according to the
Sato—Tate conjecture, the density of which is given by

L (2 - K1 — 25y 1 4p(1 — 20

82 16 16

for K and E the complete elliptic integrals of the first and second kinds. Cf. [EJ22b,
Section 3]. The spike of mass 1/2 above 0 is not shown.

5 4 2 o0 2 4 s
FIGURE 4. Theoretical and experimental trace distributions for the

K3 surface Xg¢ over k = @ of geometric Picard rank 16 having RM
by E = Q(V3)

Remark 8.8. Put X¢ := (Xg)y, for k = Q(v/3). Then the geometric Picard rank
and the endomorphism field E are the same as for Xg. However, if £ = Q(v/3) is
indeed true then Gy _ ; = [SO3(Q,;)]? is connected. ILe., in the histogram above, the
spike disappears. As shown in Theorem 4.5, this happens if and only if £k O E.
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